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In the previous paper, we generahzed the method of Abelian decomposition to the 
^ . case of SO{N) Yang-Mills theory. This method that was proposed by Faddeev and 

Niemi introduces a set of variables for describing the infrared limit of a Yang-Mills 
theory. Here, we extend the decomposition method further to the general case of four- 
dimensional Sp{2N) Yang-Mills theory. We find that the Sp{2N) connection decomposes 
according to irreducible representations of SO{N). 
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It is widely believed that the ultraviolet and infrared limits of a Yang-Mills theory 
should represent different phases. In the high-energy limits the theory describes the in- 
teraction of massless gluons and can be solved perturbatively thanks to the asymptotic 
freedom. At low energies, the method of perturbation fails because the Yang-Mills the- 
ory becomes strongly coupled. Some nonperturbative techniques have to be developed. 
Despite this, we expect that the low energy limits of the theory should exhibit color 
confinement due to the dual Meissner effect |^, 0. Hence, the spectrum of the theory at 
low energies possesses massive composites of gauge fields such as glueballs. 

Recently, Faddeev and Niemi have conjectured a novel decomposition of the four- 
dimensional SU{2) Yang-Mills connection in terms of new variables, appropriate for 
describing the theory in the infrared limits. At a certain phase, the decomposed theory 
known as the Skyrme-Faddeev model supports knotlike solutions, which can be regarded 
as the candidates for glueballs |0, Q . The method of Faddeev- Niemi decomposition has 
attracted much research attention since it was introduced. For instances, the method 
of decomposition is soon generalized to the case of SU{N) Yang-Mills theory in |^ ^. 
It is also generalized for the SO{N) Yang-Mills theory by the author recently ^. The 
connections on the topological aspects between the original SU{2) Yang-Mills theory 
and the Skyrme-Faddeev model are investigated in ||^. The derivation on the Skyrme- 
Faddeev model from the first principles can be found in [^ |10|, . 



In the present letter, we extend the Abelian decomposition method further to the 
general case of the four- dimensional Sp{2N) Yang-Mills theory. We build A^ mutually 
orthogonal Lie-algebra valued fields rrii in such a way that they describe 2N'^ independent 
variables. Then using these fields rrii, we construct the Sp{2N) covariant one-forms that 
are orthogonal to the fields rrii and determine a basis of roots in the Sp{2N) Lie algebra. 
Consequently, the fields rrii and the covariant one-forms are used to decompose the 
generic Sp{2N) connection. 

The symplectic Lie group Sp{2N) is rank A^ and its Lie algebra has N{2N + 1) 
generators. In the defining representation, the generators are represented by 2N x 2N 
matrices, which can be further reexpressed in tensor products of 2 x 2 and N x N 
matrices. We classify these generators into the following three categories, 

%,a = -^ (O-Q ® Ta) , (1) 

^/,a = -^{aj^Ta), (2) 

Ti^i = -l={aj(E)Ti). (3) 

In the above equations, ctq is the 2x2 identity matrix and aj for / = 1, 2, 3 are the Pauli 
matrices. Tq, for a = 1 to ^N{N — 1) are antisymmetric N x N matrices. Ta for a = 1 to 
^N{N — 1) are off-diagonal symmetric N x N matrices. Tj for z = 1 to A^ are diagonal 
symmetric N x N matrices. Thereinafter, we shall reserve the first few Greek letters 



(a, /3, 7) for the indices oi N x N antisymmetric matrices. Similarly, the first few Latin 
letters (a, b, c) are reserved for the indices oi N x N off-diagonal symmetric matrices, and 
the middle Latin letters {i,j, k, I, m, n) are for the indices oi N x N diagonal symmetric 
matrices. 

It is not difficult to see that (|1]), (0), and (H) give a total number of N{2N + 1) 
generators, in which the A^ commuting generators in the Cartan subalgebra are 

n, = T3,, = — (as ® T,) . (4) 

These generators are normalized to 

Tr {%^a%,b) = -^Sf,^6AB, (5) 

where 7^,a i%,B) stands for (7o^a,7}^a,7/_j). In this way, a generic Sp{2N) Lie-algebra 
element v has the expansion in terms of the generators as v = v^'°''TQ^a + v^'°'Ti,a + v^'^Ti,i- 
As a matter of fact, the N"^ N x N matrices T^, Tq, and Tj introduced in (|l]), (||), 
and (0) can be used to generate the defining representation of the U{N) Lie algebra. 
The Cartan subalgebra is constituted by the matrices Tj {i = 1,...,N). Let us de- 
note the defining representation of the U{N) Lie algebra by T4 = (Ta,Ta,Ti) with the 

multiplication law 

i 1 

TaTb = -IabcTc + -dABcTc, (6) 

where A,B,C = 1,2,..., A^^. The structure constants /abc are completely antisym- 
metric and real, whereas the coefficients (Iabc are the completely symmetric. From (^, 
we introduce two sets of matrices. The one is {J^a)bc ~ fABC that defines the adjoint 
representation of the U{N) Lie algebra. The other one is (Va)bc ~ ^abc- 

We recall two traced identities below, which hold for arbitrary matrices A, B, C, 
and D 

Tri[A,B]{C,D}+[A,C]{B,D} + [A,D]{B,C}) = 0, (7) 

Tt{[A,B][C,D] + {A,C}{B,D}-{A,D}{B,C}) = 0. (8) 

Then the application of (0) and @ enables us to verify that 

[Vi,V^] = [J^i,V^] = 0, (9) 

J^iVj + J^jVi - dijkJ^k = 0, (10) 

J^^J^j - ViVj + dijk'Dk = 0, (11) 

where the subscripts i,j, k = 1 to N. In addition, we have [^j,^j] = since J-'i are the 
elements of Cartan subalgebra of the U{N) Lie algebra in the adjoint representation. 



Using the explicit forms of the defining representation of U{N), we can show that 

i i 

EP«^^)a. = ~T.i^^^i)ab = Sat, (13) 

i i 

E(^^^0^. = 25^n- (14) 

i 

Furthermore, the combinations of ( |I^ ) with (|T0]) and (|Il|) produce the matrix equations 
that are useful later. They are 

dijk^jVk = J^i, (15) 

dijk'DjVk = "Pi, (16) 

dijk^jJ-'k = —T^i- (17) 

Now we are in a position to generalize the method of Abelian decomposition for the 
Sp(2N) Yang-Mills connection one-form 

A = A^dx^ = (aJ'-To,„ + 4''^T,,, + 4'^T,,,) dx^ (18) 

Based on the decomposition procedures presented in [|], 0, we first conjugate the el- 
ements of Cartan subalgebra Tii (^) by a generic element g G Sp{2N) to generate A^ 
Lie-algebra valued vector fields 

mi = gUig'^. (19) 

The fields m, depend on 2N'^ independent variables only, since they remain invariant if 
g transforms hj g ^>- gh for h belongs to the maximal Abelian subgroup of Sp{2N). 
Next, using the fields m, (|l^), we parameterize the connection one- form A ([18|) as 



follows, 

A = C^rUi H — [drrii, mi] + (covariant part), (20) 

i 

where drrii = d^rriidx^ and C* are U{1) connection one-forms. In (^0]), the first two 
terms on the right-hand-side are the Cho connection [|T2], which preserve the full non- 
Abelian gauge characteristics. The third term on the right-hand-side, the (covariant 
part), by construction is orthogonal to the fields rrii and transforms covariantly under 
gauge transformations. 

It turns out that ( POJ ) can be represented in a manifestly gauge equivalent expression 
if we introduce the Maurer-Cartan one-form 

R = g'^dg, 

= i?°'"V + i?^'"r,,, + /?^'%, (21) 



where g G Sp{2N). Then, use ([TOD and ([2T| ) to rewrite the terms in 
drrii = g[R,Hi]g~^, 



v^^ 



where e/ji^ is the Levi-Civita tensor and 

[dm,,m,] = dgg-'-g(^R'''n, + ^{R'''''%,a + R''''rj,a)^g-\ 
Consequently, the connection one-form (120) becomes 



(22) 



(23) 



A = gAg-' + -dgg~\ (24) 

C' - -R'A n, - ^ (/2°'"ro,„ + R'''''^i,a) + (C.P.)l g-' + -dgg-\ (25) 
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where (CP.) = (^^^(covariant part)f7. 

Lastly, the local basis of the (CP.) space in (|25| ) can be determined by the gauge 
covariant Lie-algebra valued one-forms that are constructed by the modified adjoint 
action 

~5'v = [v,n^], (26) 

where v is an arbitrary Lie-algebra valued element. It should be stressed that the (CP.) 
space in ( pSJ) is coincident with the orbit Sp{2N)/U{l)^ . That is, the total number of 
independent variables of the Lie-algebra valued one-forms is 2N'^. This can be easily 
deduced by differentiating the degrees of freedom carried between the original Sp{2N) 
Yang- Mills connection (|T8|) and the Cho connection in (pO|). 

To find the set of the Lie-algebra valued one-forms in the (CP.) space, we notice that 
the one-forms Xj = 4 [R,'Hi] (p2D are orthogonal to Hk, since Tr (xiHk) = 0. Hence, the 
one-forms Xi determine a part of the basis states of the (CP.) space. Next, we apply 
the modified adjoint action (^) on Xi to obtain another one-forms Zij, 



6^Xi = [xi,H 



j\ 1 






(27) 



(28) 



where 6ij = 5ij - 6i35j3. 



The one-forms Zij are also orthogonal to Tik and determine another part of the 
basis states of the (C.P.) space. In this way, we find the complete set of the Lie-algebra 
valued one-forms, that determine the entire basis states, by repeatedly using the modified 
adjoint action (|2^) . After some computations, we find 



S'^Zii 



'ij 






1 1 

— -^ [dikldljm + djkldlim] Xm — 77 [dijl f Zfc + dikl Vlj + djM Vli] , 
o / 

7 [dkiidijm + djiidikm] Um — - [dkii zij + djii zik + dkji uu] , 



4 



2%' 



[dikldljm + djkldlim] Xm — - [dijl Vlk + dikl Vjl + djkl Vii] 



(29) 
(30) 
(31) 
(32) 



where the explicit expressions of the one-forms {vij,yi,Uij) are given below in terms of 
the coefficients of the Maurer-Cartan one-form (plj) 



'-"ij 



2^2 



R'^" (^^-^.Oaa ^0,a + i?°'" (^.^,)„„ %,a 



+ enj[R'^^ {V{D,)^^ Tj^, + i?^'- {V{D,)^^ Tj, 



(33) 



.•3 



i?°'"(P.)„Ao./3 + ^'''^(^^)a6^3,. 



Ui 



+ 5u{R'^'' iVi)^, Tj^i, + i?^'- (P,)_ r,,„ 



R''-{V,V,).%^, + R'''^{V{D,)^,r, 



(34) 



+ 6jj{r'''^ {V{D,)^, Tj^, + R''^ {V,Vj)^^ Tj,^ 



(35) 



Presumably, we get five subsets of Lie-algebra valued one- forms {xi,Zij,Vij,yi,Uij) 



in total, which form a closed algebra under the modified adjoint action (^61) . These 
one-forms {xi,Zij,Vij,yi,Uij) possess definite properties under SO{N) symmetries. The 
one-forms Xj and yi yield the SO{N) vector representations, Zij and Uij the SO{N) 
symmetric tensor representations, and Vij the SO{N) rank- two tensor representation. 
However, the results of (pISj), (0) and (|1^ assert the following equalities among these 
one-forms 



Xi '^O'ijk'^jk) 

Vi ^(J'ijk^jk ^"'ijk'^jk- 



(36) 
(37) 



It implies that the one-forms Xi and yt are not independent at all and that the one-forms 
Uij satisfy A^ constraint equations. Accordingly, we can count the number of independent 
components carried by those of the relevant one- forms Zij, Vij, and Uij. The dimension of 
the symmetric tensor Zij is ^N{N + 1) and the dimension of the second rank tensor Vij is 
A^^. After taking the constraint ( |37D into account, the dimension of the other symmetric 
tensor Uij is ^N{N + 1) — A^. The sum of these three numbers is 2N'^, which as expect 
matches the dimension of the space Sp(2N)/U{l)^ . 

In order to proceed the decomposition of the Sp{2N) connection (]25|), we need appro- 
priate dual variables that appear as coefficients to the one- forms {zij,Vij, Uij). We denote 
them by (0*-', tp^\ a*-'), respectively. We observe that the Yang-Mills connection A in ([T8|) 
is an Sp{2N) Lie-algebra valued one-form and transforms in the scalar representation 
of the SO{N) symmetry. So the dual variables must be zero- forms and transform in 
the same SO{N) representations as the associated one- forms in order to form invariant 
combinations. 

After including the dual variables (0*-', ip^\ cr*-^), the connection one- form A (|2^) takes 
the form 

A=(C'- -R^'A n,-^ (i?°'"To,„ + R^'^'ri^a) + 0*^%- + ^''v,, + a'^u,,. (38) 



Due to the property of gauge symmetry ( plD and (|25D , this connection one-form (|38|) 



can also be represented in a gauge equivalent expression in terms of the fields rrii (p!9|) 

A = C'rrii + {6ij + 0'^') % + ^'^Vij + a'^Uij , (39) 

where {Zij,Vij,Uij) = g {zij,Vij,Uij) g~^. It is apparent that {rrii, Zij,Vij,Uij) yields a 
complete set of basis states for the Sp{2N) Lie algebra. We therefore conclude that 
the decomposition of the four-dimensional Sp{2N) connection ( p9| ) contains the correct 
number of independent variables, which are appropriate for describing the theory in the 
infrared limit. 

This work was supported in part by Taiwan's National Science Council Grant No. 
89-2112-M-194-022. 

References 

[1] Y. Nambu, Phys. Rev. DIO, 4262 (1974); S. Mandelstam, Phys. Rep. 23C, 245 
(1976); A. Polyakov, Nucl. Phys. B120, 429 (1977) 

[2] G. 't Hooft, Nucl. Phys. 153, 141 (1979); ibtd. B190[FS], 455 (1981) 

[3] L. D. Faddeev and A. J. Niemi, Phys. Rev. Lett. 82, 1624 (1999), |hep-th/ 9807069 



[4] L. D. Faddeev and A. J. Niemi, Nature (London) 387, 58 (1997), |hep-th/9610T9^ ; 
R. Battye and P. Sutcliffe, Phys. Rev. Lett. 81, 4798 (1998), |hep-th/9808T29| 



[5] V. Periwal, |hep-th/9808T27 



[6] L. Faddeev and A. J. Niemi, Phys. Lett. B449, 214 (1999), |hep-th/9812090| ; zbid. 
B464 90 (1999), |hep-th/9907l80| 



[7] W. C. Su, |hep-tii/0008093 



[8] K. Konishi and K. Takenaga, hep-tii/9911097 ; T. Tsurumaru and L Tsutsui, hep- 
I th/0005064| 



[9] Y. M. Cho, H. W. Lee, and D. G. Pak, ^ep-th/99052"T5|; Y. M. Cho and D. G. Pak, 
|hep-th/9906198| 



[10] E. Langmann and A. J. Niemi, Phys. Lett. B463, 252 (1999), |hep-th/9905T47 
[11] S. Li, Y. Zhang, and Z. Zhu, |hep-th/99lim 



[12] Y. M. Cho, Phys. Rev. D21, 1080 (1980); ibid. D23, 2415 (1981); Phys. Rev. Lett. 
44, 1115 (1980) 



